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The electrical conductivity of shock-ionized argon
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The electrical conductivity of shock-ionized argon has been medsured at tem-
peratures between 6000 °K and 13,000 °K and electron number densities in the
range 10¢ to 108 ecm—3. The results are compared with theoretically computed
values and show sufficient agreement to be plotted on a linear scale. The experi-
mental technique is based on the measurement of voltages generated in a search
coil by the flux from currents induced in a plasma moving rapidly through a
magnetic field.

Introduction

The first reported measurements on the electrical conductivity of argon,
ionized up to 20 %,, moving at velocities ~ 105cm/sec in a shock tube and inter-
acting with a magnetic field, were made by Lin, Resler & Kantrowitz (1955).
Further measurements have been reported by Patrick & Brogan (1959).

In experiments reported here a method which has some features in common
with the technique of Resler ef al. (1955), but which differs from it in three major
respects, is presented. These differences are as follows.

(1) The use of a high-value pulsed magnetic field and the comparison of its
effect upon the plasma with that of a low-value d.c. field operating with the same
plasma flow conditions.

(2) The choice of a field configuration which provided an axial field uniformly
distributed over the area of cross-section of the plasma flow and which allowed
the search coil to be positioned at null point, that is, receiving zero total flux
from the applied field whilst responding to the field of the currents induced in
the plasma. This avoided the use of compensating field coils.

(3) The method of calibration. Details of the shock tube used in these experi-
ments are being reported elsewhere (Pain & Smy 1960). It is a pressure-driven
tube with a 5ft. long O,—H, combustion chamber and a low-pressure channel
length of 25 ft. The magnetic field is located at the centre of a Pyrex tube glass
section of 2in. internal diameter and 15in. length. The length of plasma gener-
ated and its thermodynamic properties depend upon the original conditions in
the shock tube. Variation of these, notably of the initial shock tube gas pressure,
permits a range of shock speeds of Mach numbers between 8 and 23 to be investi-
gated. The gas temperatures and densities behind these shocks may be com-
puted. The length of the luminous plasma, which may be measured from drum
camera photographs, varies from more than 50 em for shocks of low Mach number
to 4cm for the highest speeds.
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The magnetic field is formed by passing current through two spirally wound
circular coils arranged as in a Helmholtz pair. Its configuration is shown in
figure 1. The high-value pulsed field results from the discharge of a 5kV condenser
bank of 900 #F through the coils, the discharge per d of 1 msec being so much
greater than the duration of plasma flow through the field that the plasma is
presented with a sensibly constant magnetic field and is timed to pass through
the field when the field is at its maximum. The field coils are 7in. in diameter and
the peak field value of 32,000 gauss in the plane of each coil is constant over the
cross-section of the shock tube to within 10 %,. In all other z-planes the variation
of B, over the cross-section of the tube is less than 10 %,. This was checked by a
subsidiary experiment.

The d.c. field of 100 gauss was generated by connecting the coils across the
terminals of a large storage battery in series with a limiting resistance. When the
plasma passes through the high-value field, current loops of approximately
2000 amp/cm? are induced in the plasma, concentric with the shock tube walls.
The flux from these currents generates a voltage in a pick-up coil. This consists
of a single turn of 14s.w.g. copper wire which encircles the shock tube at position
2y in figure 1, midway between the two field coils.

This voltage is displayed on an oscilloscope trace and the analysis of this trace,
together with a calibration experiment, enables the electrical conductivity to
be calculated.

Method of measuring the electrical conductivity

The value of the magnetic field at 2, is zero and the response of the search coil
when located at z, is less than 10— of its response when placed in the plane of
either field coil. The co-ordinate z defines the direction along the shock tube.

With the search coil at a fixed position 2, the large magnetic field is triggered to
give a value of 9B,/0f. Variation of the position z allows 0B,/0f to be plotted for all
z from which B, (z) is calculated. Graphs of B, and 0B,[0z against z are shown in
figure 1. 0B,/0z has a maximum value, constant over a distance of 6 cm. The values
plotted in figure 1 are those found in the absence of the conducting plasma. It
is shown in a later section that the perturbation of these values by the presence
of the conduecting plasma is negligible, but measurement of the induced field at
the position of zero flux of the applied field gives the high sensitivity of a null-
point method in a balanced system. Although the value of the magnetic Reynolds
number (of the order of 1) implies substantial field distortion the restricted cross-
section of the plasma results in considerable wastage of induced flux beyond the
plasma boundaries and the field distortion is, in fact, measured to be less than 19%,.

The change of the field with time may be written in the form

DB, 8B, 3B,dz

Dt @ T eedt

When the field is sensibly constant the current induced in an element of plasma
of length dz interacting with the field is given by

DB, oB,dz

1oC o—2dz =

i “=05 g%
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where « is the flow velocity and o is the electrical conduetivity of the plasma.

The flux @5 from this current element gives a flux cutting the search coil posi-
tioned at z, of k(z) ¢, where k(z) depends on the distance between the element
and the search coil. 4

The values of k(z) are found from a calibrating experiment using copper of
measured Oy, in the form of disks of varying thickness having the same
cross-section as the inside of the shock tube. With the search coil at z, the position
of the disk is varied over all z, the plane of the disk being parallel to the plane of
the field coils. At each value of z the magnetic field is pulsed and the search-coil
response is recorded.

At any z the current generated in the copper is given by

1 oC T copper 1-)th dz = O copper aatz dz

where dz is the thickness of the copper disk,

. 2B,
2 oC ¢E = Q a'copperﬁ‘dz;

where @ is constant. The e.m.f. generated in the search coil is then k(z) [d¢ g/dt].
The time integral of this is measured from an oscilloscope trace to give k(z) ¢z
for all z, and this, with o4, and 0.8,/0t known, gives @Qk(z) as a function of z.
This calibration was carried out with disks of 3, 6, 9 and 12 thousandths of an
inch thickness. At the discharge frequency of 1ke for the current generating
the magnetic field the skin depth of copper is approximately 100 thousandths of
an inch. The effect of this skin depth increased the rise time for the observed volt-
age as the thickness of the disks was increased. Each voltage trace was extra-
polated to give the value of zero rise time, and, with this correction, the values of
Qk(z) for the four thicknesses agreed with each other to within 2 9.

The dimensions of the magnetic field system were scaled so that the values
of Qk(z) were significant over the range for which 0B,/dz was constant at its maxi-
mum value but which decreaged rapidly with a decrease in 0B,/0z. In effect, the
search coil observed flux only from those currents induced in the plasma by the
uniform section of the magnetic field gradient. The product Qk(z) [0B,/0z] is
now plotted against z (figure 1). The contribution to the flux through the search
coil from a plasma element of thickness dz at z is given by

aB dz

and for all z beyond the constant 05,/0z region this contribution is small.

The total contribution to the flux through the search coil by a succession of
elements in the form of a plasma slug moving through the interacting field in
effect integrates 2B, dz

Qkle) 5, %t
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with respect to z over the length of the plasma slug. If V is the voltage induced in

the search coil, 3B
det = ka(z) azz udz.

For a plasma slug which is lopg compared with the field region the limits of
integration on the right-hand sidw are from z to — oo, when the front of the plasma
is at z. Now

d dz d 0B
Vit =V == |Qklz) 5 adz
dtf dt dz Qk() 0z
oB
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FiaurE 1. Field coil configuration showing search coil position, field lines and direction
of plasma flow in the shock tube. (@) Graph of B, versus z. (b) Graph of ¢B,/dz versus 2.
(c) Graph of Qk(z) [0B,/0z] versus z. @k(z) relates the current induced in the plasma with its
magnetic flux cutting the search coil.

The value of 4? is written here as a close approximation to the correct expression
uw’, where 4’ is the shock-front velocity dz/d¢. The error introduced by this ap-
proximation is about 10 %,.

The voltage pick-up is therefore the curve @Qk(z)[0B,/dz] multiplied by some
constant value of %%c.

The total trace consists of a curve of this type associated with the leading edge
of the slug separated by a distance depending on the length of the slug from an
inverted curve of the same shape representing the trailing edge. This was verified
experimentally.
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The total field generated in the search coil had a maximum value of 300 gauss
when the high-value interacting field was used and its effect on this field was
negligible (only 19,).

Calculation of the conductivity

A plasma slug of length L is considered to have reached the position where it is
centrally located about z,. L is measured from the interval between the two peaks
of the oscilloscope trace illustrated in figure 25. Then

—3L
det = Uo Qk(z) aBzdz,
éL az
»
@
—_— 2z
A
A
V
Time

Figure 2. (a) The electrical conductivity of shock-ionized argon represented as a step
function extending from the shock front to the contact surface. (b) The search-coil response
expected when the plasma flows through the magnetic field.

where the upper time limit in the integration is that time at which the plasma
has reached the point where its length is centred about z, and this corresponds to
the point on the trace of figure 25 midway between the positive and negative
pulses. The integral

4L 3B
J; . Qk(z) % dz
is plotted for all L and from this graph and the area f V dt the value of uo is found.

The area f V dt is found for the positive pulse and for the negative pulse associated

with the exit of the plasma from the field region. The mean of these two values
averages the value of the electrical conductivity over the length of the plasma
slug.

Discussion of search-coil response

If the conducting gas is considered as a uniform slug extending from the shock
front to the contact surface then the conductivity function (@) and the search-
coil response (b) are as shown in figure 2.

Increasing the shock Mach number with a constant channel pressure reduces
the distance between the shock front and the contact surface. Reducing the
channe] pressure with constant Mach number also reduces this distance. The
variation of the length of conducting gas for low shock Mach number with high
channel pressure and high Mach number with low channel pressure is shown in
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the drum camera records of figure 3. As the shock Mach number increases with
reduced channel pressure the peaks of the search-coil response trace move
together.

At channel pressures greater than or equal to 3 mm Hg the separation of the
peaks of the trace are in good agreement with the length of the luminous gas

P, = 01 mm P, =02mm Py =1 mm
Ficure 3. Drum camera records showing variation of the length of luminous gas with
initial shock tube pressure (P,). The synchronizing spark triggers the oscilloscope which
records the search-coil response. The search coil is seen as a narrow vertical line midway
between the two field coils.
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FicUure 4. Search-coil response traces obtained when shock-ionized argon flows through
a magnetic field. The traces (a) for B = 100 gauss and (¢’) for B = 30,000 gauss show that,
for high electron number densities, the conductivity may be represented by figure 2a.
As the number density of the plasma is reduced the conductivity profile is distorted until,
at very low densities and high field value (trace ¢’), the symmetry of the trace is completely
destroyed. Scale of volts per gauss of induced field is constant for all traces so that dif-
ferences in pulse height reflect variation of conductivity.

measured from the drum camera records, and the curves resulting from the lead-
ing and trailing edges of the conductivity pulses are symmetric. Such a trace for
a weak interacting field of 100 gauss is shown in figure 4a. This suggests that
the conductivity is closely represented by the step function in figure 2a. There is
a small but finite separation between the shock front and the luminous gas front
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associated with the ionization relaxation time. The shock front is often seen in
drum camera photographs as a narrow bright line formed by impurities ionized
at the shock front ahead of the luminous front.

Figure 4b is the trace obtained for a field of 100 gauss and a channel pressure
of 1mm Hg. Some departure from symmetry is evident here, the peak of the
leading pulse being greater than that of the trailing edge. This may be associated
with a steep rise of the ionization and electrical conductivity to that value
appropriate to the luminous shock front. Behind this front both ionization and
electrical conductivity decay to a lower value at the trailing edge of the luminous
gas. Further reduction of channel pressure to 0-2 mm Hg restores the symmetry
as shown in figure 4c¢. This does not indicate a restored step function for the
conductivity profile since this response is to be expected from a slug of ionized
gas shorter than the extent of the interacting field region.

This may be seen from the following argument. The flux contribution from such
a short slug of plasma will be proportional to that element of area under the
curve of Qk(z) [0B,/0z] standing on a base of constant width equal to the length
of the slug. As the slug moves along the z-axis of the curve @k(z) [0B,/0z] the
magnitude of the flux contribution follows a curve of similar shape when plotted
against the distance z or the time ¢. It is the differential of this curve that deter-
mines the shape of the response trace and this differential has the form of the
curve shown in figure 4c.

At high values of the interaction field, i.e. 30,000 gauss, the response is similar
to that at low fields when the channel pressure is greater than or equal to 3 mm Hg
(figure 4a’). Reducing this pressure to 1 mm Hg, however, produces an asym-
metry far more pronounced than in the case of the low field as is shown by
figure 4b'. The final trace, figure 4¢’, for a field of 30,000 gauss and initial channel
pressure of 0-2 mm Hg shows the extreme limit of this distortion. The effect of
strong field interaction on flows of reduced density may therefore be seen as a
reshaping of the conductivity profile. This is discussed in more detail in the
following section.

Discussion on experimental results

Most of the experiments made by Lin et al. (1955) were carried out at 1 cm Hg
initial channel pressure. A large number of their experiments failed to achieve
the equilibrium value of the electrical conductivity which resulted in the search
coil giving a maximum response at the trailing edge of the trace. This meant that
the value of the electrical conductivity was still rising at the rear of the luminous
plasma. In the experiments reported here the leading peak of the trace was
always equal to or greater than the peak associated with the trailing edge. This
would be expected when the electrical conductivity at the front of the plasma
was equal to or greater than that at the rear. Where the equilibrium condition
was reached in the experiments of Lin ef al., the results agreed with the
theory of Spitzer & Harm (1953) for a highly ionized gas. This theory is sufficient
for & > 1073 (« ig the degree of ionization), that is, 7' > 8000 °K, where the domi-
nant mechanism for energy exchange is the distant encounters between electrons
and ions.
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At channel pressures of 10 cm Hg the conductivity results of Lin ef al. fell
below the predicted values of Spitzer & Harm, but when the electrical con-
ductivity reached the equilibrium value, they matched a modified theory of
Lin et al. in which a second term was introduced to allow for close encounters
between electrons and neutral atoms in a slightly ionized gas. The trend of the
non-equilibrium conductivity results at 10cm channel pressure followed this
modified theory, but individual values were consistently below it.

The annular experiments of Patrick & Brogan (1959) were made at 1 mm Hg
constant channel pressure where, for a high field, the scalar relation for the cur-
rent density, j = ouB, might be expected to break down. When w,7, ~ 1, where
w, is the angular frequency of electron gyration around the magnetic field lines
and 7, is the period between collisions, the theory of Schliiter (1950) shows that
the conductivity may be expected to be less than that given by j = cuB. The
major contribution to this effect, when the magnetic field has a large component
along the flow direction, is due to the electron making a complete gyro orbit
between collisions. The resulting Hall potential in the j x B direction gives a
current if a path is provided. If this Hall current is allowed to flow the resulting

conductivity is given by o
)

o= —"10,
1 + (weTe)z

where o, is the electrical conductivity in the absence of a magnetic field. The
results of Patrick & Brogan support this relation for various values of w,7,.

The results of the present experiments are plotted on two continuous curves
each of which corresponds to a constant pressure of O,—H, mixture in the com-
bustion chamber before ignition. In figure 5 this constant pressure is 2} atm
and in figure 6 it is 7} atm. With this pressure fixed, the shock Mach number
and temperature variation are obtained by changing the initial pressure in
the shock tube and these variables are shown as abcissae plotted against the con-
ductivity as ordinate. The Mach number measurements showed a variation of
39, when the initial O,—H, pressure was 2}atm and less than 3 %, when the
0O,-H, mixture was 7} atm. The dotted curves show the values of the conductivity
computed by DeLeeuw (1958) using the theory of Spitzer & Harm (1953)
modified by Lin et al. (1955) for close encounters.

The pairs of points associated with a given Mach number represent one value
of the conductivity obtained when using the pulsed field of 30,000 gauss and
another using the same flow conditions and a d.c. field of 100 gauss, but neither
field gives consistently the higher or lower value of any pair and no distinction
is drawn between them in figures 5 and 6.

When the initial channel pressure is above 1 mm Hg the experimental and
theoretical values show more satisfactory agreement in figure 6 than in figure 5.
Below this pressure, however, experimental values on both curves become
progressively lower than those given by the Spitzer & Harm theory. This cannot
be satisfactorily explained as a simple consequence of the non-scalar conductivity
effect because the same value of conductivity at M = 22 is obtained for
B, = 100 gauss as for B, = 30,000 gauss. The large field has a radial component
B, = 6000 gauss which gives v,7, ~ 1 so that a Hall potential is developed in the
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Electron number density behind shock

10 10V 10
! T T [
01 0325 1 325 10

Channel pressure (mm Hg)

6
&
g
T °
&
-
G
5]
2
b
1 &
Temperature (°K x10%) S~
12 102 o)
1 1 1 1 | 61
22 18 16 14 12 92 75

Shock Mach number

F1oure 5. The electrical conductivity of shock-ionized argon versus temperature at
electron number densities between 10% and 10%/cm®. Pre-ignition pressure of O,-H,
mixture in the combustion chamber is 2} atm. Variation of the initial shock tube pressure
controls the change of shock Mach number and temperature, all other conditions being
unchanged. —— © ——, Theoretical curve (Spitzer & Harm) modified by Lin ef al.; @,
experimental values.
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Ficure 6. As for figure 5, but with pre-ignition pressure of O,~H, mixture equal to 7} atm.
——~ © ——, Theoretical curve (Spitzer & Harm modified by Lin et al.), @, experimental
values.
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(j x B,) direction. This is not the case for B, = 100 gauss. The search-coil responses
for these points, figures 4¢ and 4¢’, show quite distinctly that the electrical con-
ductivity reached its equilibrium value in each case.

An explanation of this result may be postulated as follows. The method of
obtaining the conductivity by integrating the area under the search-coil response
trace gives a mean value of o over the plasma length. Where the profiles of o and
search-coil response are given by figure 2 a and b this method is valid. When the
search-coil response trace is distorted from 25 a more detailed analysis of the
trace is required.

Distortion of the profile at low gas densities and higher interaction field values
may be considered in terms of the following mechanisms which contribute to
changes of conductivity: (1) localized Joule heating from currents induced in
the plasma; (2) distortion of the fluid flow pattern as a result of the interaction
and plasma heating from magnetic body force compression; (3) non-scalar con-
ductivity, .1, ~ 1.

All heating effects increase the conductivity and this accounts for the high
value of the search-coil response (note that all traces in figure 4 have the same
volts per gauss scale).

The distortion of the fluid flow pattern in these interactions has been studied
in considerable detail and it has been found that the strength of interaction may
be described in terms of a parameter involving the ratio of the square of the
Lundquist number R, = B,z./(4mu/p), where z = length of interaction region,
4 = permeability, p = gas density, to the magnetic Reynolds number

R, = 4mzpuc.

A wide range of values of this parameter has been investigated and the results
are being published Pain & Smy (1960).

When B, = 100 gauss no question of flow distortion arises. When B, = 30,000
gauss the value of the significant component B, 4;,; is about 6000gauss. This
field value, together with an initial channel pressure of 3 mm has been found to
be the limit at which distortion of flow is not a serious effect. At pressures below
3 mm, flow distortion is likely.

The energy contribution to the plasma from Joule heating is

P; dt = f ouB?dz
and this is lost from the kinetic energy of the plasma. In addition to the magnetic
force opposing the flow there is a radial compression by a force ouB, B,.

If Hall currents flow in the z direction (as in Patrick & Brogan 1959), the third
mechanism reduces the conductivity by a factor of 2 or more so that the final value
of the conductivity is seen to be the result of a number of conflicting influences.

At the moment, although all the above factors may contribute to a distortion
of the search-coil response, a rigorous treatment of their total effect upon the
plasma is a matter of some difficulty which has not been attempted. The values
of the electrical conductivity are therefore open to question in conditions where
the oscilloscope trace departs from symmetry. Where this difficulty does not



400 H.J. Pain and P. R. Smy

arise the theoretical and experimental values show quite reasonable agreement
considering the difficulties of obtaining perfect reproducibility in the operation
of a shock tube when attempting absolute measurements.
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